While Magnetic Resonance Imaging is capable of separating water and fat components in the body, mapping of magnetic field inhomogeneities is essential for the successful application of this process. In this study, we address the problem of field map estimation using a convex-relaxed max-flow method. We propose a novel two-stage approach that leads to the global optimum of the proposed problem. The first stage minimizes the signal residuals via a convexrelaxed minimum description length (MDL)-based approach. The MDL-based labeling model penalizes the total number of appearing labels, which helps to avoid field map errors when abrupt changes in field homogeneity exist. By exploring the whole range of possible frequency offsets, this stage ensures limiting the estimated field offset within certain boundaries where the global minimum resides. The second stage employs the output of the labeling model in a commonly used gradient-descent based method (known as IDEAL) to converge to the exact global minimum, i.e. the required value of the field offset. Experimental results for cardiac imaging, where challenging field inhomogeneities exist, showed that our method significantly outperforms over a widely-used technique for fat/water separation in terms of robustness and efficiency.
Introduction
The ability to separate fat from water in a magnetic resonance (MR) image is an important problem for a number of clinical applications. Bright fat signal can obscure underlying pathology and therefore suppression of the fat signal is required. In other cases, fat is considered an important diagnostic marker, and hence a clearer depiction of its signal, rather than its suppression, is desired. Common clinical applications of the latter include the diagnosis of non-alcoholic fatty liver diseases (NAFLD) [1] , as well as a variety of bone marrow diseases [2] . However, expanding interest in the evaluation of myocardial fat infiltration and pericardial fat volume [3] justifies its optimization for cardiac imaging. Among various available MR techniques, chemical-shift based (or Dixon-based) techniques have become the most commonly used methods to obtain a quantitative fat measurement [4] . Chemical-shift based methods are characterized by their unique ability to extract a fat-only image with positive contrast, unlike other techniques that either tend to suppress the fat signal, making the process of identifying fat voxels ambiguous, or apply fat selective excitation which is sensitive to B0 and B1 inhomogeneities.
Unfortunately, a successful fat/water separation with Dixon-based techniques relies largely on the homogeneity of the magnetic field. In other words, the mapping of the magnetic field inhomogeneities -so called field map, cannot be decoupled from the fat/water separation process (see Sec 2.1). The field map estimation problem therefore, leads to a non-linear non-convex optimization problem, which has multiple local minima. An error in estimating the field map would propagate to the resultant water and fat images, causing what we term fat/water swaps. A "swap" is defined as assigning the main signal in a water-dominant voxel as fat, or vice-versa -an example of fat/water swaps is shown in Fig.1 .
Fig. 1. Left to right: Fat/water swaps appearing in field map, water and fat components
A commonly-used technique in fat/water separation is the "Iterative Decomposition of water and fat with Echo Asymmetry and Least square estimation", abbreviated as IDEAL [5] . IDEAL is a Dixon-based method that acquires at least three echoes to estimate the field map, water and fat components. However, IDEAL is a local optimization method that heavily depends on the initialization process, and hence, convergence to the global optimum is not guaranteed. Moreover, it is a voxel-independent optimization, i.e. it does not enforce any global smoothness prior to the estimated field map. Yu et al. [6] proposed a region-growing technique 1 to address the flaws of IDEAL. This method implicitly imposes a spatial smoothness on the field map; however, it does not account for the abrupt changes in magnetic field that might exist at tissue/air interfaces, which might cause fat/water swaps. Although several techniques have been proposed in the literature [6] [7] [8] [9] [10] to address the field map estimation problem, only a few have been considered sufficiently robust for clinical use [8, 11] . Further, their application has been limited to 1.5 Tesla [11] where B0 field inhomogeneities are modest compared to higher field strengths.
In this work, we propose a novel field map estimation approach that can withstand abrupt changes in field homogeneity at higher field strengths, particularly at 3.0 Tesla, while guaranteeing smoothness of the estimated field map. Our method relies on prior knowledge of the periodic variation of signal residuals with the field map values [6] [7] [8] . We use a two-stage approach to reach the global minimum solution, and provide a high resolution mapping of the field inhomogeneities. First, a label-cost prior maxflow approach [12] is performed on the signal residues to converge near the global optimum. The output is employed as an initial guess to the second stage, where a conventional gradient-descent IDEAL is applied to reach the exact field offset. Our method is tested for cardiac as well as abdominal images obtained at 3.0 Tesla, where challenging B0 field inhomogeneities commonly exist. Comparing to the region growing method [6] , our approach has significantly improved the robustness of field map estimation process and has efficiently removed fat/water swaps.
Theory and Methodology
In the following sections, we first derive the signal equation to be minimized; then we introduce the multi-labeling convex relaxation model and its dual continuous maxflow formulation along with the minimum description length (MDL) principle, which are applied in the first stage of our approach. The proposed MDL-based labeling model penalizes the number of "appearing" labels, which helps to avoid the small regional fat/water swaps that might appear in the presence of severe and rapid changes of magnetic field. In other words, such MDL prior smooth out small-scale partitions, which usually correspond to regional fat/water swaps. The MDL-based labeling model results in a coarse estimation of the field map. This step guarantees a global minimization by labeling each pixel with a field map value located near its global optimum solution. The coarse estimate of field map serves as an initial guess for the second stage that consists of applying the IDEAL iterative process [5, 13] . A stopping criterion of < 1 Hz was used for the iterative process, in order to provide a field map with a sufficient resolution for clinical applications, particularly pericardial fat quantification. Once the final field map is obtained, water and fat components can be directly computed from Eq.2.
Signal Equation
Let . denote the signal acquired from a voxel , containing a mixture of water and fat, such that:
where denotes the echo-time (TE) shift 1, … , of the acquired signal;
, and , are the water and fat components at voxel , respectively; is the number of fat peaks in the fat spectrum;
is the frequency of the -th peak with its corresponding amplitude (Hz), such that ∑ 1;
(Hz) is the local frequency offset at voxel (i.e. the field map). We used a calibrated fat spectrum model as shown in [14] , where 6 and the main fat peak is at ~ 420 Hz, relative to the water peak at 3.0 Tesla. Having three or more echo-times (TE) acquired (as described above), Eq.1 can be reformulated as follows:
. To estimate the required water and fat components , , , , the frequency offset should be demodulated first. Hence, dropping the known echo-time shift , a non-linear least-squares cost function can be derived from (2) as follows:
where Ρ and Ψ are the estimated values of Ρ and Ψ respectively, is the identity matrix, and denotes the pseudo-inverse, . . A A A A . However, two main problems are encountered when minimizing Γ : first, the non-convex property of the function, and second, it does not impose a priori smoothness on the estimated field map, as it is a voxel-by-voxel based strategy, and global minimization is not guaranteed. We address these problems by using a convex-relaxation approach that guarantees the global minimization, and implicitly includes the required smoothness of the field map.
It is important to note that, to maximize the signal-to-noise performance, the images are acquired at equally-spaced echo-time shifts (i.e. TE TE ∆TE) [7] . In this case, Γ is periodic with a period of 1/∆TE [6, 7] . This allows us to determine the lower and upper bounds, which are set to 1/ 2∆TE , necessary for the max-flow model used in the first stage. The whole range is divided into ~20 equallyspaced values, which are used to label the input cost function, as described below.
A Continuous Max-Flow Approach to MDL-Based Potts Model
The Potts Model: In image processing, a multi-labeling problem assigns the optimal label … to each voxel. The Potts model is a labeling approach that minimizes the total perimeter of all one-label regions, without assuming any prior order for the labels. It results in a partition of the continuous domain Ω into disjoint subdomains Ω , as follows: where Γ , is the cost of assigning label to location , as defined in Eq.3, and | Ω | measures the perimeter of each subdomain Ω , 1, … , . The Potts model in Eq.4 can be efficiently solved by its convex-relaxation model as follows [15] :
where is the convex constrained set of , … , :
Minimum Description Length (MDL)-Based Potts Model:
The minimum description length (MDL) principle penalizes the number of appearances or labels in image labeling problems. It naturally leads to the use of fewer partitions or labels to describe the given image, without simultaneously over smoothing the underlying domain [12] . The MDL cost is introduced by adding the term to the Potts model, where # 1
| Ω gives the number of non-empty labels, i.e. a label-cost prior. Yuan et al. [12] showed that adding the label-cost prior to Eq.5 leads to the following convex-relaxed MDL-based Potts model, used here:
Fast Continuous Max-Flow Approach: The continuous max-flow approach [15, 16] to the MDL-based Potts model (Eq.6) used in this study is summarized below:
Let Ω be a continuous 2D image domain, the number of labels, and Ω , 1, … a copy of Ω assigned to the label. For each location Ω , a source flow is streaming from the source node to a labeled copy Ω , . . Ω , 1, … , is the same. Similarly for each Ω , a sink flow to the sink is assigned. However, , 1, … may differ. A spatial flow 1, … is also defined for each location. The continuous max-flow model can be formulated as follows: subject to the constraints:
where is the cap associated with the penalty max-flow formulation (Eq. and results in an efficient fl 3
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our method is 1.5-5 minutes per image, depending on he underlying degree of inhomogeneities, compared to region-growing method. Moreover, the max-flow stage modern computation frameworks, e.g. graphics process e periodicity of Γ [6, 7] (i.e. [+ 1/(2∆TE)]), we fou ed field offsets for the first stage is sufficient to target elying only on the max-flow stage to reach the exact fi increase the processing time, as we would use up to h e same high resolution field map. map estimation techniques is usually judged by the vis waps. However, we provide an approximate metric for ique by counting the number of pixels that have sho efined region of interest -In abdominal images, the live f interest, while in cardiac images the whole intra-thora urrounding the diaphragm is considered. An approxim wing fat/water swaps is ~274 + 720 pixels with the regi + 32 pixels with our proposed method. graph cut-based technique [8] currently used in clinical ch provides a field map with higher frequency resoluti ss than 1 Hz over the whole image. This may have imp ccurate myocardial and pericardial fat quantification, gi sla field strengths for cardiac imaging. cknowledge funding from CIHR Strategic Training P h, and Ontario Research Fund: Imaging for Cardiovascu was undertaken, in part, thanks to funding from the Ca m. We thank Karl K. Vigen for providing cardiac IDE ens for helping in data acquisition, and Bryan Addeman cript. We acknowledge the use of the Fat-Water Toolb ps/FatWater12/data.htm) for some of the experiments. 
